Abstract. We consider the situation of a compact irreducible subvariety of a smooth compact complex variety equipped with a Kähler form preserved by a torus action. We study the image of that subvariety under the moment map of the Kähler form.
of the subgroup exp (R · α) of T . Therefore by Lemma 1.6,μ is the restriction of the moment map with respect to that subgroup. Hence the critical points of this map are the same as the fixed points of the subgroup, which are precisely the fixed points of the whole torus T because the subgroup is dense in T . The desired result now follows from Lemma 1.4.
Proof of (b) . Following an idea used in Atiyah-Pressley [A-P] , one could first try to show that there exists an element y in X such that the closure of the complexified torus orbit T C · y contains all fixed points of T C in X and then apply Theorem 1.1. However, there may be some fixed points x ∈ X such that µ(x) is not a vertex of the convex hull. We shall prove a weaker statement that there exists y in X such that the image of the closure of T C ·y under µ contains all vertices of the convex hull of the images of all fixed points of T C in X under µ, and then apply Theorem 1.1. This weaker statement is sufficient for proving part (b) .
Let c 1 , . . . , c p be the vertices of the convex hull of the image of all T -fixed points in X under µ. For each c i , take a hyperplane which touches the convex hull only at c i . Let v * i be the unit vector normal to the hyperplane and points into the convex hull, and let L i = Rv * i be the vector subspace spanned by v * i . Consider the composite
where π i is the orthogonal projection onto L i and s i is a linear map sending v * i to 1 ∈ R, which is an isomorphism. For technical reasons, we choose v * i such that its dual vector v i ∈ t generates a dense subgroup G = {exp(tv i ) ∈ T | t ∈ R} of T . Then f i is just the moment map of the action of G on M . Notice that G is isomorphic to R, and we have: Lemma 1.7. This action extends to a C * action on M .
There is a well-known result:
Lemma 1.8 ( [A] , [F] Recall that in Lemma 1.7, we defined a C * action on M . We have Lemma 1.9. Gradient flow lines of f i are generated by this C * action.
Proof. Fix any point m ∈ M . Let x(t), t ∈ R, be the gradient flow line such that
Hence a(t) is generated by the C * action. We claim that it coincides with x(t). For any t, write x = a(t), and for any X ∈ T x M , we have
where , : t * × t → R is the canonical pairing. Hence we have
Therefore, we have an alternative description of M s i : 
By the irreducibility of X, we must have
Notice that the restriction of f i to a gradient flow line a(t) must be decreasing with respect to t. Moreover, by Morse theory, the closure of a stable manifold of a critical submanifold F precisely consists of points which are initial points of (downward) broken gradient flow lines that go down to F . A (downward) broken gradient flow line is a piecewise smooth curve such that each smooth segment is a gradient flow line.
By these two facts, we can see that the value of each point x ∈ M s i under f i must be greater than or equal to f i (F s i ). And since c i ∈ f i (X), we must have
is also Zariski open in X. In particular it is non-empty. Take any element y in that intersection and consider the complex torus orbit T C · y. Hence the proof of Theorem 1.2 is complete. Remark 1.13. The irreducibility condition of the subvariety X in Theorem 1.2 is necessary. Consider the following example:
Let M = CP 2 be equipped with the standard Kähler structure.
This torus action defines a moment map µ :
It is a compact, reducible algebraic subvariety on CP 2 . By simple calculation, one can see that µ(X) is a union of two line segments meeting at one point, whereas there are three fixed points in X: 2. Applications 2.1. Convexity theorem. In [A] and [G-S] , a theorem, which is now usually referred to as the convexity theorem in symplectic geometry, is proved:
Theorem 2.1 (Convexity Theorem [A], [G-S]). Let (M, ω) be a finite dimensional symplectic manifold with a real torus T acting on M that preserves ω such that a moment map µ exists. Then the image of M under the moment map is equal to the convex hull of the images of all T -fixed points under µ.
In [A] , it is suggested that one could use the idea of Theorem 1.1 to prove a Kähler version of Theorem 2.1. We shall now realize this suggestion by using the idea in the proof of Theorem 1.2 to prove the following Kähler version of Theorem 2.1: 
Loop groups.
In this section, we shall generalize Theorem 1.2 to an infinite dimensional situation, replacing M by an "infinite dimensional subvariety" (which will be defined later) of the loop group ΩU n which is the set of all smooth functions (called "loops") from the unit circle S 1 ⊂ C into the unitary group U n which send 1 to the identity matrix.
We first recall briefly various structures and properties of ΩU n relevant to this paper, following [A-P] . For details, see [L] or [P-S] .
With pointwise multiplication, ΩU n is a group. In fact, it is a Lie group, modeled on the infinite dimensional Lie algebra Ωu n which is the set of all smooth maps from S 1 to the Lie algebra u n of U n which send 1 to 0 ∈ u n . 1. There is a left invariant complex structure and a left invariant symplectic structure on ΩU n defined as follows:
For any u(s) ∈ Ωu n , consider the Laurent expansion:
where each A k is a complex n × n matrix. Define
It is easy to see that this gives a linear map J : Ωu n → Ωu n such that J 2 = −1. By left translation using the group structure of ΩU n , we have an almost complex structure J on ΩU n .
For any two tangent vectors X(λ), Y (λ) in the Lie algebra Ωu n , set
where ·, · is the bi-invariant inner product on u n defined by
A, B = T r(A * B).
Here λ = e is is the loop parameter. By left translation again, we get a left invariant 2-form ω AP on ΩU n .
It turns out that J is integrable, and that ω AP is a symplectic form such that (ΩU n , ω AP , J) becomes a Kähler manifold.
2. There is an action of a real torus T × S 1 on ΩU n , where T is the maximal torus consisting of diagonal matrices in U n , defined as follows: T acts on U n by conjugation, which induces an action on ΩU n ; and S 1 action on ΩU n by "rotating the loops". More precisely, for any z ∈ S 1 and γ(λ) ∈ ΩU n , the action is defined to be
It is not hard to see that this torus action preserves J and ω AP . It also extends to an action of the complexified torus (T × S 1 ) C = T C × C * . 3. A moment map exists, which can be defined explicitly as follows: For any f (s) in ΩU n , define the energy function
and the momentum function
where pr t is the orthogonal projection to t. Then the map
is a moment map for the action of T × S 1 on ΩU n . 4. Consider the set of "algebraic loops" in U n :
It is a subgroup of ΩU n . Moreover, it has a structure of an "infinite dimensional" algebraic variety defined as follows: First, consider its identity component (
Observe that there is a filtration 
Here we identify
It is easy to see that ϕ is an injection under which the image of M kn is a compact irreducible algebraic subvariety of the Grassmannian.
As for λ k M kn , notice that for any γ ∈ M kn , we have
Similar to above, the quotient (
and that this defines an embedding of λ k M kn into a Grassmannian of kn-planes in C kn 2 as a compact irreducible algebraic subvariety. We shall denote this Grassmannian by Gr [k] and denote this embedding of λ k M kn by ϕ k . Therefore, the Mitchell-Segal filtration is in fact a filtration by algebraic varieties with Ω alg SU n being the inverse limit. By a similar argument, one can show that other components of Ω alg U n also are inverse limits of finite dimensional algebraic varieties.
Using Theorem 1.2, we shall prove the following Proof. Since X is irreducible, it must be connected. Without loss of generality, we can assume that it is contained in the identity component Ω alg SU n . By compactness of X, we see that it is contained in λ k M kn for some k, which is regarded as a subvariety of Gr [k] .
Notice that for each k, λ k M kn is invariant under the action of T C × C * . We now define an action of T C × C * (and hence of T × S 1 ) on the Grassmannian Gr[k]. As described above, C kn 2 has a basis
Clearly T C acts on e i by matrix multiplication. This action induces an action on Gr [k] . On the other hand, let C * act on λ i by
which induces an action on Gr [k] .
As can be easily checked, this torus action, when restricted to X, coincides with the torus action that comes from the loop group.
On the other hand, the Grassmannian Gr[k] is a Kähler manifold with the standard symplectic structure, which shall be denoted by ω k . It is easily seen that the torus T × S 1 preserves all these structures and a moment map
Lemma 2.4. There is a commutative diagram:
Proof. First notice that Gr [k] can be identified with the following set of vector subspaces:
It is easy to check that this set is a subset of an "infinite dimensional Grassmannian" Gr defined as the set of all closed vector subspaces W of L 2 (S 1 ; C n ) such that the orthogonal projections pr ± : W → H ± are Fredholm and Hilbert-Schmidt operators respectively. Here H − is the orthogonal complement of H + in L 2 (S 1 ; C n ). It is proved in [P-S] that Gr is a smooth infinite dimensional manifold such that the tangent space at each W ∈ Gr is I(W, W ⊥ ), the Hilbert space of all HilbertSchmidt operators W → W ⊥ . Second, the complexified torus T C × C * acts on Gr in a similar way as its action on Gr [k] . Moreover, Gr has a symplectic structure Θ defined in the same fashion as the standard invariant symplectic structure on a finite dimensional Grassmannian. More precisely, for any f and g in
Clearly, the restriction of Θ to Gr [k] (regarded as a subset of Gr) is the same as ω k . It is easy to check that Θ is preserved by the real torus T × S 1 and there is a moment map µ : Gr → t ⊕ R.
Third, just like the embedding ϕ of M kn into a finite dimensional Grassmannian, ΩU n can be embedded into Gr by the map
Hence we have a diagram:
It is clear that µ, when restricted to Gr [k] , is the same as µ k . We now claim that δ * (Θ) = ω AP . First, it is easy to check that Θ is "invariant under multiplication of loops", in the sense that, for any γ in ΩU n , L * γ Θ = Θ where L * γ : Gr → Gr is left multiplication by γ. Together with the fact that ω AP is left invariant, we see that we just need to check the claim for T I ΩU n = Ωu n . Now, it is a straightforward matter to check that the differential dδ : T I ΩU n = Ωu n → T H+ Gr = I(H + , H − ) at the identity loop I ∈ ΩU n satisfies 
where λ = e is and ·, · L 2 is the L 2 -norm. Again, by straightforward calculations, one gets
which is the same as ω AP (X, Y ).
This claim implies that µ•δ = µ AP . So the above diagram is in fact commutative, from which the lemma follows.
Hence we see that the image µ AP (X) = µ k • ϕ k (X), by Theorem 1.2, coincides with the convex hull of the images of the fixed points of the torus action which lie inside
The following is proved in [A-P] : The proof in [A-P] uses the group structure of ΩSU n . We now show how Theorem 2.5 is in fact an easy consequence of Theorem 2.3 for which the group structure of ΩSU n is not needed.
Proof of Theorem 2.5. Recall that we have
By Theorem 2.3, we have, for each k, It can be easily seen from the above argument that µ AP (Ω alg SU n ) is a closed set.
We now claim that all T C × C * -fixed points in ΩSU n must be in Ω alg SU n . For any γ(λ) ∈ ΩSU n which is fixed by T C × C * , we have
for all A ∈ T . This implies that γ(λ) must be a diagonal matrix for all λ ∈ S 1 . For such a loop to be fixed by the It is proved in [A-P] ( §5) that Ω alg SU n is dense in ΩSU n . Hence we have µ AP (ΩSU n ) = µ AP (Ω alg SU n ).
The theorem now follows from the fact that µ AP (Ω alg SU n ) is closed.
